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Random Subgraphs of Cayley Graphs over p-Groups
C. M. REIDYS
The subject of this paper is the size of the largest component in random subgraphs of Cayley
graphs, Xn , taken over a class of p-groups, Gn . Gn consists of p-groups, Gn , with the following
properties: (i) Gn/8(Gn) ∼= Fnp , where8(Gn) is the Frattini subgroup and (i i) |Gn | ≤ nKn , where
K is some positive constant. We consider Cayley graphs Xn = 0(Gn , S′n), where S′n = Sn ∪ S−1n ,
and Sn is a minimal Gn -generating set. By selecting Gn -elements with the independent probability
λn we induce random subgraphs of Xn . Our main result is, that there exists a positive constant c > 0
such that for λn = c ln(|S′n |)/|S′n | the largest component of random induced subgraphs of Xn contains
almost all vertices.
c© 2000 Academic Press
1. INTRODUCTION
Random subgraphs of Boolean and generalized n-cubes play an important role in graph,
coding theory and mathematical biology [6, 16]. In particular, connectivity and the largest
component of random subgraphs of Qn2 [1, 7–9, 11, 13, 15] have been studied in great detail.
The class of Cayley graphs considered in this paper is closely related to Boolean and gen-
eralized n-cubes. We will consider Cayley graphs Xn = 0(Gn, S′n), where Gn is a p-group
and S′n ⊂ Gn with the following properties: Gn/8(Gn) ∼= Fnp, where 8(Gn) is the Frattini
group, |Gn| ≤ nKn , K > 0, and S′n = Sn ∪ S−1n , where Sn is a minimal generating set of
Gn . We will further assume that diam(Xn) ≤ n`, for some ` ∈ N. For example, let Gn = Fn2 ,
then 8(Fn2) = 1 and 0(Gn, S′n) ∼= Qn2 , the Boolean n-cube. We have then S′n = Sn and
diam(Qn2) = n. One main idea in the proofs is to retrieve information from the homomor-
phism Gn → Fnp under which Sn maps into a basis of Fnp. In particular, this will allow for an
analysis of the vertex boundary of Xn-subgraphs of size≤ nh for some h ∈ N. Selecting group
elements g ∈ Gn independently with probability λn we induce random subgraphs of Xn . In
this paper we will be interested in the largest component of random induced subgraphs 0n of
Xn . Our main result is, that there exists a constant c > 0 such that for λn = c ln(|S′n|)/|S′n| al-
most surely (a.s.) the largest component of random induced subgraphs of Xn contains almost
all vertices.
2. PRELIMINARIES AND STATEMENT OF THE MAIN RESULT
Let X be a finite undirected graph with vertex set v[X ] and edge set e[X ]. Two adjacent
vertices P, Q are called extremities of an edge y and a subgraph Y < X is called induced, if
P, P ′ ∈ v[Y ] are adjacent in Y if and only if P, P ′ are adjacent in X . A path in X is a multi-
set (Q1, y1, Q2, . . . , yn, Qn+1), where Qi ∈ v[X ], yi ∈ e[X ], Qi and Qi+1 are extremities of
yi . The length of a path is the number of edges in the multi-set (Q1, y1, Q2, . . . , yn, Qn+1);
the distance dX (P, Q) between X -vertices P, Q is the minimal length of an X -path connect-
ing P, Q or∞ if there is no such path. The diameter of X , diam(X), is the maximum of all
distances in X . X is called connected if any two vertices occur in an X -path. X -subgraphs in-
duced by maximal connected subsets of vertices are called components. Let Y be a subgraph
of X ; the sets of X \ Y -vertices and X -vertices, that are adjacent to some vertices of Y , are
called the Y -vertex boundary, dX Y , and Y -closure, Y , respectively.
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A Cayley graph, 0(G, S′), consists of a group G and a set S′ ⊂ G that has the properties
〈S′〉 = G, S′−1 = S′ and 1 6∈ S′. The vertex set of 0(G, S′) is G and {P, Q} is a 0(G, S′)-
edge if and only if P Q−1 ∈ S′.
The random graph model. Let (Xn)n be a family of graphs. We denote the set of all induced
Xn-subgraphs by X (Xn) and for 0 ≤ λ ≤ 1 and 0n ∈ X (Xn) we consider the probability
space (X (Xn), µn), where
µn{0n} = λ|0n | (1− λ)|Xn |−|0n |.
(X (Xn), µn) is called the random graph. Suppose now that Pn is a property in (X (Xn), µn)
such that limn→∞ µn{Pn} = 1 holds. Then we say ‘Pn holds almost surely (a.s.) in (X (Xn),
µn)’.
Let G be a finite group. The intersection of all maximal subgroups H < G is a characteristic
subgroup of G, the so-called Frattini subgroup 8(G). For M ⊂ G, an element g0 ∈ G is
called a non-generator if 〈M, g0〉 = G if and only if 〈M〉 = G. The Frattini group 8(G) is
generated by all non-generators of G; in particular, if S is a minimal generating set we have
8(G)∩ S = ∅. For a p-group G we have G/8(G) ∼= Fnp and for a minimal generating set, S,
|S| = n holds and there is a natural projection pin : G −→ F|S|p , g 7→ g8(G), under which S
is mapped into a basis of the vector space Fnp. According to a theorem of Burnside all minimal
generating sets for a p-group have equal cardinality. We will consider minimal Cayley graphs
over the following class of p-groups
Gn = {Gn | Gn is a p-group, [Gn : 8(Gn)] = pn ∧ ∃K > 0 : |Gn| ≤ nKn}. (2.1)
For Gn ∈ Gn let Sn be a minimal generating set; taking S′n = Sn ∪ S−1n we obtain the Cayley
graph Xn = 0(Gn, S′n). Note that for p = 2: |S′n| = n and for p > 2: |S′n| = 2n. Gn is
embedded in Aut(Xn) as the group of right-multiplications ρg = (x 7→ xg). Let
Sk(P) = {Q ∈ Gn | dXn (Q, P) = k}; (2.2)
then we immediately observe that
|Sk(P)| ≥
{
2k
(|Sn |
k
)
for p > 2(|Sn |
k
)
for p = 2 .
Let P = ∏ki=1 sx jiji (P) and Q = ∏ki=1 sx jiji (Q) be two vertices where x ji = ±1, and for i 6= h:ji 6= jh . Then
{ ji (P) | i = 1, . . . , n} 6= { ji (Q) | i = 1, . . . , n} H⇒ P8(Gn) 6= Q8(Gn). (2.3)
EXAMPLES.
• Take Gn = Fn2 , where F2 is the finite field over two elements and ik : F2 → Fn2 ;
x 7→ (0, . . . , x, . . . , 0) the embedding into the kth factor. Let Sn = ⋃nk=1 ik(F2 \ 0),
then 0(Fn2, S
′
n)
∼= Qn2 , the so-called Boolean hypercube.
• Take Gn = ∏ni=1 Z/Zpk , let Sn be a minimal generating set and Xn = 0(Gn, S′n).
Then, for p > 2, we have diam(Xn) = n
( pk−1
2
)
and |Xn| = pkn .
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By c, c′, c1, . . . and K , K1, . . . we will denote positive constants. Let Zn be a random variable
(r.v.) that is a sum of independent r.v.’s, having values in {0, 1} [3, 10]: then we have for
cη = min
{− ln(eη[1+ η]−[1+η]), η22 }
µn{| Zn − E[Zn] | > ηE[Zn]} ≤ 2e−cηE[Zn ]. (2.4)
Further, for any non-negative, integer-valued r.v. Zn we have E[Zn] ≥ µn{Zn > 0} and
E[Zn]/` ≥ µn{Zn > `} and, in particular,
lim
n→∞E[Zn] = 0 H⇒ limn→∞µn{Zn = 0} = 1
holds. In this paper we will prove the following theorem.
MAIN THEOREM. Let Xn = 0(Gn, S′n) with diam(Xn) ≤ n` and let (X (Xn), µn) be
the random graph with λn = c ln(|S′n|)/|S′n|. For 0n ∈ (X (Xn), µn) let C (1)n be its largest
component. Then we can choose c > 0 such that
lim
n→∞µn{0n | |C
(1)
n | ≥ [1− ]|0n|} = 1, ∀ > 0,
or equivalently
|0n| ∼ |C (1)n | a.s.
3. VERTEX BOUNDARIES
We begin this section by presenting a theorem on expanders [2, 4, 5]. Then we will improve
this result by estimating the vertex boundary of induced subgraphs Yn < Xn of size |Yn| ≤ nh .
THEOREM 1 ([2]). Let G be a group, S a generating set and 0(G, S) be a Cayley graph.
For an induced subgraph X < 0(G, S) with |X | ≤ |0(G, S)|/2
|d0(G,S)X | ≥ 12 diam(0(G, S))+ 1 |X | (3.1)
holds.
PROOF. Let G be a group acting transitively on a set M with |M | = n and let A ⊂ M .
Then, [5, 12]:
1
|G|
∑
g∈G
|A ∩ g A| = |A|2/n. (3.2)
Now let M = G and X < 0(G, S) be an induced subgraph such that |X | ≤ |G|/2. G acts
transitively (and regularly) on 0(G, S) and |X∩gX |+|gX \X | = |X |. Hence (3.2) implies the
existence of at least one g ∈ G with the property |gX \ X | ≥ |X |/2. Since S generates G we
can express g =∏Lk=1 sk with L ≤ diam(0(G, S)). We observe that for each ζ ∈ v[X ]\v[gX ]
there exists a minimal index 1 ≤ L0 ≤ L such that
[∏L0−1
k=1 sk
]
ζ ∈ v[X ] and [∏L0k=1 sk]ζ 6∈
v[X ], whence |gX \ X | ≤∑Lsk |sk X \ X |. From this we conclude that there exists one sk0 with
the property |sk0 X \ X | ≥ |X |/(2 diam(0(G, S))) and the proof of the theorem is complete. 2
LEMMA 1. For arbitrary h ∈ N, L > 0, λ > 0 there exists an m ∈ N such that for all
Yn ∈ X (Xn) with |Yn| ≤ nh
|{P ∈ v[Yn]| |{Q ∈ S1(P)| |S1(Q) ∩ v[Yn]| ≥ m}| ≥ Ln}| < λ|Yn| (3.3)
holds.
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PROOF. We will prove Lemma 1 by contradiction. For k ∈ N, let
X k+1(L ,m) = {P ∈ X k(L ,m) : |{Q ∈ S1(P) : |S1(Q) ∩ X k(L ,m)| ≥ m}| ≥ Ln}.
Claim 1: Let k ∈ N. For all L0 > L > 0, λ0 > λ > 0 and m ∈ N there exists an m0 ∈ N
such that
|X1(L0,m0)| ≥ λ0|Yn| H⇒ |X k(L ,m)| ≥ λ|Yn|
holds. Claim 1 is proved by induction on k; k = 1 is obvious and the induction hypothesis
reads ∀L0 > L ′ > L , λ0 > λ′ > λ, m′ > m, ∃m0 ∈ N such that
|X1(L0,m0)| ≥ λ0|Yn| H⇒ |X k(L ′,m′)| ≥ λ′|Yn|
holds. Suppose now that we cannot perform the inductive step k 7→ k + 1:
∃m ∈ N, ∀m0 ∈ N, ∃Yn : |X1(L0,m0)| ≥ λ0|Yn| ∧ |X k+1(L ,m)| < λ|Yn|.
Then |X k(L ′,m′) \ X k+1(L ,m)| ≥ (λ′ − λ)|Yn| and for P ∈ X k(L ′,m′) \ X k+1(L ,m) we
have:
• |{Q ∈ S1(P)| |{S1(Q) ∩ X k−1(L ′,m′)}| ≥ m′}| ≥ L ′n,• ≤ Ln vertices Q ∈ S1(P) have the property |S1(Q) ∩ X k(L ,m)| ≥ m.
Accordingly, there are ≥ (L ′ − L)n vertices Q ∈ S1(P) with |S1(Q) ∩ X k−1(L ′,m′)| ≥ m′
and |S1(Q) ∩ X k(L ,m)| < m. We next consider the set Zn = {(P, Q, P ′)} where:
• P ∈ X k(L ′,m′) \ X k+1(L ,m),
• Q ∈ S1(P) where |S1(Q) ∩ X k−1(L ′,m′)| ≥ m′ and |S1(Q) ∩ X k(L ,m)| < m,• P ′ ∈ S1(Q) ∩ (X k−1(L ′,m′) \ X k(L ,m)).
We now proceed by estimating the cardinality of Zn . For fixed Q we have |S1(Q)∩X k(L ′,m′)| ≤
m, whence there are ≤ m vertices P that induce Zn-elements (P, Q, P ′). Accordingly, we
obtain
(a) ∀ P ′; |{P | ∃Q; (P, Q, P ′) ∈ Zn}| ≤ m2n.
For fixed P we next compute the number of elements (P, Q, P ′) ∈ Zn . In view of the
graph automorphism ρP−1 = (x 7→ x P−1) we can w.l.o.g. assume that P = 1 holds. Let
(1, Q, P ′) ∈ Zn , then we have Q = s±1i with si ∈ Sn and
|S1(Q) ∩ (X k−1(L ′,m′) \ X k(L ,m))| ≥ [m′ − m].
Thus there are [m′ − m] − 2 vertices P ′ ∈ S1(Q) ∩ (X k−1(L ′,m′) \ X k(L ,m)) such that
P ′ = s±1k s±1i , k 6= i . For P ′ = s±1k s±1i we have S1(P ′) ∩ S1(P) = {s±1i , s±1k } and for
{i, k} 6= { j, h}, s±1k s±1i 8(Gn) 6= s±1j s±1h 8(Gn) holds. Therefore we derive s±1k s±1i 6= s±1j s±1h
from which we conclude that
(b) ∀ P; |{P ′ | ∃Q; (P, Q, P ′) ∈ Zn}| ≥ (L ′ − L)n [m
′ − m] − 2
2
.
Combining (a) and (b) we finally obtain
|Yn| ≥ |{P ′ | ∃P, Q : (P, Q, P ′) ∈ Zn}|
≥ [λ′ − λ] |Yn| (L ′ − L)n [m
′ − m] − 2
2
1
2mn
, ∀m′ ∈ N,
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which is impossible and Claim 1 follows.
In particular, we have for L0 > L > 0 and arbitrary m ∈ N, X k(L ,m) 6= ∅. Obviously, we
can w.l.o.g. assume that 1 ∈ X k(L ,m) holds. Next let,
S∗k =
{
Q ∈ Gn | Q =
k∏
i=1
s
x ji
ji where x ji = ±1, ji 6= jh for i 6= h
}
. (3.4)
Claim 2: Let L0 > L > 0 and λ0 > 0, then for all m ∈ N there exists an m0 ∈ N such that
|X1(L0,m0)| ≥ λ0|Yn| H⇒ |S∗2r ∩ X k−r (L ,m)| ≥
(
n
r
)
.
Claim 2 is proved by induction on r . The case r = 0 is clear. A vertex P ∈ X k−r (L ,m) ∩ S∗2r
has the form
P =
2r∏
i=1
s
x ji
ji , where x ji = ±1, ji 6= jh for i 6= h.
We can only multiply with generators s±1k , k ∈ { j1, . . . , j2r }, finitely many times. Therefore
we can assume w.l.o.g. that all Ln vertices Q ∈ S1(P) are obtained by multiplying with some
sk , k 6∈ { j1, . . . , j2r }, i.e.,
|S1(P) ∩ S∗2r+1| ≥ Ln.
For Q ∈ S1(P) ∩ S∗2r+1 and m ∈ N we can choose m0 such that |S1(Q)∩ X k−r−1(L ,m)| ≥
m. We accordingly conclude that
∀m∗ ∈ N ∃m0 ∈ N : |S1(Q) ∩ X k−r−1(L ,m) ∩ S∗2r+2| ≥ m∗.
Consequently, for each P ∈ X k−r (L ,m) ∩ S∗2r there are ≥ Lnm
∗
2 vertices
P ′ ∈ S1(Q) ∩ X k−r−1(L ,m) ∩ S∗2r+2, Q ∈ S1(P).
Each P ′ ∈ S∗2r+2 has ≤
(2r+2
2
)
vertices P ∈ X k−r (L ,m) ∩ S∗2r for which there exists a
Q ∈ S1(P) ∩ S∗2r+1 such that P ′ ∈ S1(Q). Using the induction hypothesis, we derive
|S∗2r+2 ∩ X k−r−1(L ,m)| ≥
[
Lm∗
2
]
n
(
n
r
)
1(2r+2
2
)
≥
(
n
r + 1
)
.
Therefore, by choosing m = m(r) sufficiently large, the assertion holds for finite r . Since
|Yn| ≤ nh , h ∈ N this is impossible and there exists no L0 > 0, λ0 > 0 such that for arbitrary
m0 ∈ N there is a Yn with |X1(L0,m0)| ≥ λ0|Yn|, proving Lemma 1. 2
THEOREM 2. Let Xn be the Cayley graph 0(Gn, S′n), and let Yn be an induced subgraph
of Xn with |Yn| ≤ nh , h ∈ N. Then
∃n0 ∈ N, Kh > 0; ∀ n ≥ n0; | dXn Yn | ≥ Khn |Yn|. (3.5)
PROOF. Let Sn = {s1, s2, . . . , sn} and ` ∈ N, we set
Mn,` =
{∏`
i=1
ski | ski ∈ Sn,∀i, j ∈ N` : i < j H⇒ ki < k j ∧ ski 6= sk j
}
. (3.6)
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Taking the images of the above elements g under the homomorphism pin : Gn → Gn/8(Gn)
we observe that |Mn,`| =
(
n
`
)
.
Claim 1: ∀1 ≥  > 0 ∃K > 0 such that there are ≥ d[1 − ]ne Gn-generators sk , with the
property |skYn \ Yn| ≥ K |Yn|.
Suppose that ∃ 1 ≥  > 0 such that ∀K > 0 there are ≥ dne generators sk with the
property |skYn \ Yn| < K |Yn|, for 1 ≤ k ≤ dne. W.l.o.g. we can assume that n ∈ N. Now,
|Yn ∩ gYn| + |gX \ Yn| = |Yn| and (3.2) imply that∑
g∈Gn
|gYn \ Yn| = |Gn||Yn| − |Yn|2. (3.7)
By assumption (|Yn| ≤ nh) we can choose ` ∈ N such that
(
n
`
) ≥ n2|Yn| and K > 0 such
that K` < 1/2. For g =∏`i=1 ski we have
|gYn \ Yn| ≤
∑`
i=1
|ski Yn \ Yn|.
Since there are exactly
(
n
`
)
elements g of the form g =∏`i=1 ski , (3.7) implies that
|Gn||Yn| − |Yn|2 ≤
(
n
`
)
` K |Yn| +
∑
g∈Gn\Mn,`
|gYn \ Yn|.
We immediately derive the contradiction(
n
`
)
|Yn| − |Yn|2 ≤
(
n
`
)
1
2
|Yn|
and Claim 1 follows.
We fix  > 0 with 1/4 >  > 0. According to Claim 1 there exists some K > 0 such that
≥ [1 − ]n generators have the property |skYn \ Yn| ≥ K |Yn|. We now choose L0, λ0 > 0
such that L0 + 2λ0 < K (1− ) and observe, according to Lemma 1, that
∃m0 ∈ N : |X1(L0,m0)| < λ0|Yn|.
The X1(L0,m0)-vertices have ≤ 2nλ0|Yn| neighbors. Further, there are ≤ L0n vertices Q ∈
S1(P) where P ∈ v[Yn] \ X1(L0,m0) with the property |S1(Q)∩ v[Yn]| ≥ m0. Therefore,
|dXn Yn| ≥
1
m0
[(1− )nK |Yn| − 2nλ0|Yn| − L0n|Yn|],
and the proof of the theorem is complete. 2
4. PROOF OF THE MAIN THEOREM
PROOF. Claim 1: Suppose that h ∈ N, then for c2 > 0 there exist a.s. no 0n-components
Cn of size c2n ≤ |Cn| ≤ nh .
Let U` be the r.v. counting the 0n-components of size `, ` ≤ nh . According to Theorem 2
every 0n-component of size ` ≤ nh has a Xn-vertex boundary of ≥ Khn ` vertices and the
Random subgraphs of cayley graphs over p-groups 1063
event that this boundary is empty has probability
(
1 − c ln(|S′n |)|S′n |
)Khn`
. Xn is a |S′n|-regular
graph, whence there are ≤ (`− 1)! |Xn||S′n|`−1 different components of size ` in Xn . There-
fore,
E[U`] ≤ `` |Xn||S′n|`−1
[
1− c ln(|S
′
n|)
|S′n|
]Khn`
≤ eln(`)`|Xn||S′n|`−1e−c ln(|S
′
n |)Kh` 12 .
By assumption we have |Xn| ≤ nKn for some K > 0 and we compute
nh∑
`=dc2ne
E[U`] ≤
nh∑
`=dc2ne
eh ln(n)`|Xn|eln(|S′n |)`e−c ln(|S′n |)Kh` 12
≤ nheh ln(|S′n |)c2nnKneln(|S′n |)c2ne−c ln(|S′n |)Khc2n 12 .
Hence, by choosing c > 0 sufficiently large Claim 1 follows from
lim
n→∞
nh∑
`=dc2ne
E[U`] = 0.
Claim 2: At least [1−n−cc6 ]|Xn|-Xn-vertices are in the vertex boundary of a 0n-component
of size ≥ c12n.
Let P ∈ Gn , |S′n| = d2λ−1n e + n2 and let Q ∈ 0n be one of the n2 Xn-neighbors of P .
W.l.o.g. we can assume that P = 1 and consider a branching process initialized at Q = s±1k :
• by hypothesis, Qh = ∏hi=1 s±1ki has been constructed. We select among the d2λ−1n e
indices an index j 6∈ {k1, . . . , kh} with probability λn and, in case we have selected
s±1j , we set Qh+1 = s±1j
[∏h
i=1 s
±1
ki
]
otherwise the process stops.
All vertices Qh+1, h = 1, . . . constructed in the above process are pairwise different since
their images w.r.t. the homomorphism pin : Gn → Gn/8(Gn) are different. According to [14]
these branching processes produce a 0n-component of size ≥ cP n with constant probability
p > 0.
Let Tn be the r.v. counting the Xn-vertices having less than 12 c ln(|S′n|) 0n-neighbors. We
then have, (2.4) [3, 10],
∃c1 > 0 : µn
{
P has ≤ 1
2
[c ln(|S′n|)] 0n-neighbors
}
≤ 2e−c1c ln(|S′n |).
By linearity of expectation there exists a c10 > 0 such that E[Tn] ≤ n−cc10 |Xn| and E[Tn]/` ≥
µn{Tn > `} implies
for c11 < c10 : lim
n→∞µn{Tn > n
−cc11 |Xn|} = 0.
Suppose now that P is a vertex taken from the remaining [1−n−cc11 ]|Xn|-Xn-vertices (having
≥ 12 c ln(|S′n|) 0n-neighbors). The probability that none of its 0n-neighbors is contained in a
0n-component of size ≥ cP n is (1 − p) 12 c ln(|S′n |) = n−c3c. Let Zn be the number of these
vertices, then E[Zn] = n−c3c|Xn|. Again, E[Zn]/` ≥ µn{Zn > `} implies
∃ n0 ∈ N : ∀n ≥ n0 : µn{Zn > n−cc5n|Xn|} ≤ n−c(c3−c5).
1064 C. M. Reidys
Accordingly, we have for c5 < c3 limn→∞ µn{Zn > n−cc5 |Xn|} = 0. We now choose c6 > 0
such that n−cc11 + n−cc5 ≤ n−cc6 and have therefore at most n−cc6 |Xn|-Xn vertices that
either have ≤ 12 c ln(n) 0n-neighbors or are not neighbors to a 0n-component ≥ c12n, whence
Claim 2.
According to Claim 1 there are a.s. no 0n-components of size c2n ≤ ` ≤ nh , whence
all other Xn-vertices are either 0n-vertices or contained in the vertex boundary of a 0n-
component of size ≥ nh . Analogously we obtain
lim
n→∞µn{0n | ≤ λnn
−cc6 |Xn| 0n-vertices are not in a component of size ≥ nh} = 1.
Taking 0′n to be the induced subgraph of 0n induced by all vertices that are contained in a
0n-component of size ≥ nh , there exist constants c, c6, such that:
• every vertex of 0′n is contained in a connected 0n-subgraph of size ≥ nh ,
• |0′n| ≥ [1− n−cc6 ] |Xn|,
• |0′n| ≥ [1− n−cc6 ] |0n|.
The vertex set of 0′n decomposes into a set B of at most d|0n|/nhe 0n-connected subgraphs
W1, . . . ,Wm , where |Wi | ≥ nh . In a second random process we then select the vertices of
Xn \0′n with the independent probability λ′n = c
′ ln(|S′n |)|S′n | . Suppose that {B1, B2} is a bipartition
of B with the properties
min{dXn (P1, P2)|P1 ∈ B1, P2 ∈ B2} ≥ 2 ∧ c2|Xn| ≤ |B1| < c0|Xn|, 0 < c2 ≤ c0 ≤ 1/2.
Claim 3: ∃ c, c′ such that B1 and B2 are a.s. connected by vertices selected in the second
random process.
Obviously, there are at most 2|0′n |/nh different ways to construct B1. By assumption we have
diam(Xn) ≤ n` for some ` and according to Theorem 1 we have
|dXn B1| ≥
1
(2n` + 1) |B1|.
According to Claim 2, |Xn \ 0′n| ≤ n−cc6 |Xn| holds and we can choose c sufficiently large
such that
|(dXn B1) ∩ 0′n| ≥
c00
n`
|Xn|.
Since we have 0′n = B1 ∪ B2 the (dXn B1) ∩ 0′n-vertices connect B1 and B2. Now, an edge
of the form {P, Q} where Q ∈ B1 and P ∈ dXn B1 is selected with probability λ′n2 and each
P ∈ dXn B1 has at least 1 and at most |S′n| neighbors contained in B1. From this we conclude
that none of the above edges {P, Q} is chosen with probability ≤ [1− λ′n2]
c′00
n`+1 |B1|. Now we
derive for c′ sufficiently large and h = 4+ `:
lim
n→∞
2c3
(
ln(|S′n |)
|S′n |n4+`
|Xn |
)[
1−
(
c′ ln(|S′n|)
|S′n|
)2] c′00
n`+1 c2|Xn |
 = 0.
That is, the probability of keeping the bipartition {B1, B2} separated in the second random
process tends to zero, proving Claim 3.
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Claim 3 immediately implies that the closure of the largest component, Cn
(1) has the prop-
erty
∃c > 0 : ∀ > 0 : lim
n→∞µn{0n||C
(1)
n | ≥ [1− ] |Xn|} = 1.
Let now Yn be the 0n-subgraph induced by all vertices of 0n \ C (1)n .
Claim 4: We can choose c sufficiently large such that
∀ > 0 : lim
n→∞µn{0n | |C
(1)
n | ≥ [1− ]|0n|} = 1.
Suppose that |Yn| ≥ c1|0n|. Since we have |0′n| ≥ [1−n−cc6 ]|0n| the subgraph Y ′n = Yn ∩0′n
contains c′1|0n| 0′n-vertices. For constant, large, c12 > 0 let Ln be the r.v. counting the Xn-
vertices that have > c12c ln(n) 0n-neighbors. There are (using the large deviation results of
sums of independent Boolean r.v.’s [3, 10] and E[Ln]/` ≥ µn{Ln > `} for non-negative,
integer-valued r.v.’s) ≤ n−c11 |Xn| of those vertices. Note that c11 depends only on c12. By
choosing c12 sufficiently large we conclude from this that there are c′2|0n| Y ′n-vertices having
degree at most c12c ln(n). Let ∂Xn Y ′n be the set of edges {P, Q} that have exactly one extremity
in v[Y ′n]. Then
|∂Xn Y ′n| ≥ c′2|0n|[|S′n| − c12c ln(n)],
which immediately implies that |dXn Y ′n| ≥ c13|0n|. Now we remove from dXn Y ′n all Xn-
vertices that have> c12c ln(n) 0n-neighbors (being connected to at most |S′n|1−c11 |Xn| edges)
and obtain
|dXn Y ′n| ≥ [c12c ln(n)]−1[c′2|0n|[|S′n| − c12c ln(n)] − |S′n|1−c11 |Xn|].
Thus |Yn| > c13|Xn|, which is a.s. impossible according to Claim 3, and Claim 4 follows
completing the proof of the theorem. 2
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